Thermodynamical (TD) fluctuations of temperature in mirrors may produce surface fluctuations not only through thermal expansion in mirror body [1] but also through thermal expansion in mirror coating. We analyze the last "surface" effect which can be larger than the first "volume" one due to larger thermal expansion coefficient of coating material and smaller effective volume. In particular, these fluctuations may be important in laser interferometric gravitational antennae.
Introduction
Outstanding experimental achievements in quantum optics and high resolution spectroscopy within recent four decades are substantially due to creation and development of new technologies. The coating of mirrors, i.e. the deposition of many thin dielectrical layers on the mirror surface is likely to be one of the most important technology in this part of experimental physics. Today this technology provides the reflectivity R of such coating very close to unity (at the beginning of laser era the value of (1 − R) was about several percent while at present (1 − R) ≃ 10 −6 [2, 3] ). There is reason to hope that in the not too distant future the value of (1 − R) will be close to 10 −9 . This improvement in particular means that measurement using squeezed quantum states will become routine as the squeezed state lifetime is longer if losses are smaller. The rise of squeezing factor provides the possibility to increase sensitivity with the same number of "used" photons [4, 5] .
The value of (1 − R) is of great concern in terrestrial gravitational wave antennae (projects LIGO and VIRGO, e.g. see [6, 7, 8] ). These antennae can be regarded as extremely sensitive spectrometers which goal is to detect very small deviations ∆ω FP /ω FP of one Fabry-Perot optical resonator mode eigen frequency in comparison with another one. The amplitude of these frequency relative deviations which differs from the metric perturbations amplitude only by the factor of two, is quite small. The planned resolution for the stage LIGO-I is ∆ω FP /ω FP ≃ 10 −21 , and for the stage LIGO-II is one order smaller. The above considerations show that the value of (1 − R) decrease is important for further development of many optical measuring devices types. However, to our knowledge there is no deep analysis of possible additional noises which can appear specifically due to coating. In this article we present the analysis of a noise source in the coated mirror, which deserves serious attention. Thermodynamical (TD) fluctuations of temperature in mirror coating can produce additional fluctuations of surface through thermal expansion in mirror coating. This noise may be larger than analogous one in mirror body due to larger coating materials thermal expansion coefficient and smaller effective volume.
2 Semi-qualitative consideration "Bulk" TD fluctuations. We have shown in [1] that thermodynamical fluctuations of temperature in mirrors are transformed due to thermal expansion coefficient α b = (1/l)(dl/dT ) into additional noise which can be a serious "barrier" limiting sensitivity. This noise (it is also called as thermoelastic noise) produces random fluctuational "ripples" on surface. This noise has a nonlinear origin as nonzero value of α b is due to the lattice anharmonicity.
Our main interest here is fluctuations of averaged displacement X(t) of mirror face surface. It is the normal displacement v z of the mirror face averaged over the beam spot Gaussian power profile:
(r 0 is the beam radius). The spectral density of displacementX can be presented for half infinite medium as follows:
Here k B is the Bolzmann constant, T is temperature, ν is Poisson ratio, κ is thermal conductivity and C V is specific heat capacity per unit volume. This result has been refined for the case of finite sized mirror by Liu and Thorne [12] , however, the variation from our result is only several percent for typical mirror sizes, and hence we use more compact expression (2) here. This physical result can be illustrated using the following qualitative consideration. We consider the surface fluctuations averaged over the spot with radius r 0 which is larger than the characteristic diffusive heat transfer length r T
where ω is the characteristic frequency (for LIGO it is about ω ≃ 2π × 100 s −1 ). Since in fused silica r T ≃ 3.9 × 10 −3 cm and in sapphire r T ≃ 1.4 × 10 −2 cm the condition r T ≪ r 0 ≃ 6 cm is fulfilled (material parameters are presented in Appendix B).
We know that in volume ∼ r
3
T the length variation due to temperature TD fluctuations ∆T is about
The TD temperature fluctuations in such volumes can be considered as independent ones. The number of such volumes that contribute to surface fluctuations is about N ≃ r 3 0 /r 3 T , and hence the displacement X averaged over the spot with radius r 0 consists of these independently fluctuating volumes displacements sum, and is approximately equal to
Comparing (5) with (2) we can see that X ≃ S TD bulk ∆ω (correct to the multiplier of about unity) if one assumes ∆ω ≃ ω. This fact confirms that our semi-qualitative consideration is correct.
TD fluctuations in thin layer. One can consider the surface fluctuations of half space covered by thin layer, produced by TD temperature fluctuations as consisting of two parts: "bulk" part depending on mirror body thermal expansion coefficient α b (which has been already calculated in [1] ) and "surface" part due to temperature fluctuations in layer with thickness d and effective thermal expansion coefficient α = α l −α b (here α l is thermal expansion coefficient of layer material).
It is important to note that layer thickness d is much smaller than the diffusive heat transfer characteristic length r T (for optical coating d ≤ 10 µm) and therefore the following condition is valid:
Therefore we may consider temperature fluctuations in our layer to be the same as in layer with thickness r T . It means that TD temperature fluctuations in layer does not depend on thickness d. In this case we propose the following semi-qualitative consideration:
Formula (8) is in good agreement with rigorous formula for spectral density S ∆T (ω) of averaged temperature ∆T in layer obtained in [9] 
and one can estimate the spectral density S TD est layer (ω) of surface fluctuations averaged over spot with radius r 0 as following
Below we will show this formula to give the result correct to the multiplier of about unity.
Analytical results
Using Langevin approach [1] (see also Appendix A) we have calculated the field of temperature TD fluctuations approximating mirror as a half infinite medium with assumption that all material parameters of layer and half space are identical with exeption of thermal expantion coefficients -α b for half space and α l for layer. These temperature fluctuations produce surface deformations of half infinite elastic space covered by thin layer. These deformations can be calculated using elastic equation (31) (presented in Appendix A).
We use quasistatic approximation for elastic problem because time sound requires to travel across the distance r 0 is much smaller than characteristic time ≃ 1/ω. We also assume the layer to be homogeneous. We can divide our problem into two problems:
a) The "bulk" problem. The surface fluctuations are produced by TD temperature fluctuations in half space covered by layer with different elastic constants. The layer and half space have the same thermal expansion coefficient α b . It corresponds to the problem solved in [1] .
b) The "surface" problem. The surface fluctuations are also produced by TD temperature fluctuations in half space covered by layer. The effective layer thermal expansion coefficient α = α l − α b = 0, and there is no thermal expansion in half space.
The qualitative considerations in previous section make clear that TD temperature fluctuations producing fluctuations in "surface" and "bulk" problems does not virtually correlate and can be calculated independently.
For "surface" problem we assume that additional elasticity produced by layer is much smaller than mirror body bulk elasticity (due to small thickness of the layer) and we take into account only stresses produced by layer due to nonuniform temperature distribution u( r). Then one can take equation (31) and just substitute into right part the term
(Recall that here we assume identity of material constants for layer and half space.) As a result we obtain spectral density of surface fluctuations (see details in Appendix A):
Here ν is Poisson ration. Note that this formula differs from semi-qualitative one (11) only by multiplier of about unity.
layer (ω) can be qualitatively explained by the speculation that thermal expansion in layer also causes stresses in mirror body under layer: the material under layer additionally "swells up" ("distend"). The similar effect one can observe when heated bimetallic plate is bending.
We have generalized the formula (14) for the case of different material parameters of layer and substrate deriving it from fluctuation-dissipation theorem (FDT) (see details in Appendix B):
Here E b , E l are Young modulus, subscripts b and l refer to parameters of half space and layer correspondingly. This result was earlier obtained in [10] . We can further generalize the result (15 -17) for multilayer coating with alternate material constants which differs from material constants of mirror body. Let the multilayer coating consists of N alternating sequences of quarter-wavelength dielectric layers. Every odd layer has the refraction index n 1 , thickness d 1 = λ/4n 1 (λ is the incident light wavelength). Every even layer has parameters n 2 , d 2 = λ/4n 2 correspondingly. Then formulas (15, 17) can be used with the total coating thickness and effective expantion coefficient calculated using the following formulas (see details in Appendix B):
Here factors Λ 1 and Λ 2 are calculated using (17) with substitution material parameters for odd and even layers correspondingly. It should be emphasized that negative influence of thermoelastic fluctuations in layer in finite sized mirror can be larger than in half infinite space model due to "bimetallic" effect: the temperature fluctuations in layer should additionally cause mirror bend through thermal expansion. Using FDT approach developed by Liu and Thorne [12] we have calculated numerically the following coefficient
For design planned in LIGO-II [11] the test mass is manufactured from fused silica with Ta 2 O 5 + SiO 2 coating and has following parameters R = 19.4 cm, H = 11.5 cm, r 0 = 6 cm. For this case we estimate
(see details of rather combersome calculations in Appendix C). But if R ≫ H then the value of C FTM may be substantialy larger.
Numerical estimates
High reflectivity of mirrors is provided by multilayer coating which consists of alternating sequences of quarter-wavelength dielectric layers having refraction indices n 1 and n 2 . The frequently used pairs are
and SiO 2 (n 2 ≃ 1.45): namely these coatings are used in LIGO [21] . The total typical for high finesse mirror number of layer pairs is N ≃ 19 (this value we used for estimates below) so that total thickness of Ta 2 O 5 + SiO 2 coating is about
cm. To estimate TD temperature fluctuations in interferometric coating of mirror we use formula (15) with substitutions (16 -19) . To obtain numerical estimates for these types of fluctuations it is necessary to have the value of α for thin layer of Ta 2 O 5 . In the existing publications we have found very wide range: from α Ta2O5 ≃ −(4.43 ± 0.05) × 10 −5 K −1 [13] (the scheme of measurement is described in [14] ) to α Ta2O5 ≃ 3.6 × 10 −6 K −1 (without measurement error, unfortunately) [15] and α Ta2O5 ≃ (5 ± 2) × 10 −6 K −1 [16] . It can be explained not only by possible errors of experiment but also by the fact that properties of tantalum pentoxide may be strongly depends on procedure of layer deposition on substrate [17] . So we use for estimate the value α Ta2O5 ≃ 5 × 10 −6 K −1 because coating measured in paper [16] was deposited on thin fused silica plates by the same technology as coating on LIGO mirrors. The other material parameters are listed in Appendix B.
It is also useful to present estimates for thermorefractive noise [9] : TD temperature fluctuations produce fluctuations of coating layers refraction indices n 1 and n 2 due to its dependence on temperature:
Refraction indices fluctuations produce in turn fluctuations of phase of the wave reflecting from mirror. This noise can be recalculated into equivalent noise displacement of mirror 1 :
For estimates we use "optimistic" (i.e. smallest) value of β Ta2O5 ≃ 2.3 × 10 −6 K −1 [18] (for example, [13] reports unexpectedly high value β Ta2O5 ≃ 1.4 × 10
We also want to estimate the noise associated with the mirror material losses described in the model of structural damping [19] , below we denote it as Brownian motion of the surface. In this model the angle of losses φ does not depend on frequency and the following formula is valid for its spectral density in the infinite medium [20, 1, 12] :
Note that we have used the new value of φ ≃ 0.5×10
for the loss angle in very pure fused silica [24] .
1 Here we present formula correcting an error in formula (3) in [9] Fused silica with Ta The gravitational wave antenna spectral sensitivity to the perturbation of metric h(ω) may be recalculated from the displacement X noise spectral density using the following formula:
where we use N 0 = 4 due to the fact that antenna has two arms (with length L) with two mirrors in each one. However, for TD layer fluctuations we use N 0 ≃ 2 because in LIGO interferometer arms the Fabry-Perot resonators end test mass (ETM) coating TD fluctuations are considerably larger than ones in the input test mass (ITM) coating due to the coating thickness in ETM is approximately ∼ 6 times larger [21] . The LIGO-II antenna will approach the level of SQL so we also compare the noise limiting sensitivity with this limit in spectral form [22] :
For estimate we use the set of parameters for fused silica mirror with Ta 2 O 5 +SiO 2 coating using the parameters listed in Appendix D. The results are presented in fig. 2 . We can see that in fused silica mirror the TD bulk fluctuations are negligibly small but TD fluctuations in layer of interferometric coating are about Brownian one and only 2 times smaller than standard quantum limit at ω ≃ 2π × 100 s −1 . Note that thermoelastic fluctuations in layer weakly depends on frequency ∼ ω −1/4 (see (14) ) and for frequencies ≥ 2π × 300 s −1 these fluctuations dominate completely.
For comparison we present in fig. 3 
We can see that TD fluctuations in the same coating Ta 2 O 5 +SiO 2 on sapphire and on fused silica differs approximately by 3 times. It can be explaied by the fact that factor κ s C S (denominator in (14)) for sapphire is about two orders larger than for fused silica. Note that equivalent thermal expansion coefficients described by formulas (16 -18) are practically the same
It is also worth noting that surface fluctuations caused by TD temperature fluctuations (thermoelastic and thermorefractive) in layer (coating) depends on laser spot radius weaker (∼ r 
Conclusion
The slow dependence of interferometric layer (coating) TD noise on frequency ω −1/4 and on the radius of the beam spot r −1 0 is worth noting. We can see that TD noise in interferometric layer is close to the standard quantum limit and it may be an obstacle for interferometric gravitational antennae (projects LIGO-II and especially LIGO-III).
The resume of this paper may be formulated in the following way: it is important to measure in situ the value of effective thermal expansion coefficient α for interferometric multilayer coatings of high quality mirrors for presision measurements.
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Langevin approach
Here we present the derivation of formula (14) using Langevin approach. We calculate the surface fluctuations (averaged over the spot with radius r 0 ) of halfspace covered by layer with thickness d. The surface fluctuations are originated by TD temperature fluctuations which in turn produces deformations due to nonzero thermal expantion. We consider the case when thermal expantion coefficient α is non-zero only inside layer and other thermal and elastic parameters are the same in layer and half-space. We also assume that following strong unequalities fulfills:
A.1 TD temperature fluctuations
We use Langevin approach proposed by [1] using thermoconductivity equation for half-space z > 0 with thermoisolated surface with fluctuational forces F in right part:
Here we introduce mirror fluctuational forces (last term in square brackets) in order to reformulate problem for the whole space.
After space and time Fourier transform we can write down the solution
A.2 Equation of elasticity
The problem of elastic deformations v for half-space covered by thin layer caused by thermal expansion due to TD temperature fluctuations u can be described by equation [23, 25] with zero stresses σ zz , σ yz , σ xz on free surface z = 0:
Using condition d ≪ r 0 we can present the right part of (31) as following
One can find solution as sum (see for example sec. 3.4 in [25] ): v = v (a) + ∇ϕ. Here function ϕ fulfills Poison equation (it is derived from (31)):
without boundary condition and function v (a) fulfills to (31) with zero right part and the following boundary conditions:
By this way for function v (a) we obtain the problem of half space deformation with stresses (36) on boundary.
We are interesting of surface displacement along z axis averaged over spot with radius r 0 = √ 2/σ 0 in center of coordinate system:
. (35) is known:
Solution of Poison equation
Here we add solution by mirror source (∼ δ(x+ǫ)) -it produces the multiplier 2 in last fraction. Such function ϕ makes zero contribution into surface displacement (see (37). As addition the tangent stresses σ xz and σ yz in boundary conditions (36) are also become zero. Only normal pressure is non-zero and is equal to:
We take the last integral (over dy ′ dx ′ ) going into cylindric coordinate system with notation k ⊥ = k 2 y + k 2 x (using formulas 2.5.24.1 in [26] and 2.12.4.28 in [27] ):
Gathering we obtain expression for σ zz
Now we can write down the expression for v (a) at z = 0 (see sec. 8 in [23] ):
Substituting it into (37) we obtain:
One can write down the time correlation function (using (37)):
Now we can write down one side spectral density:
Using condition a 2 /r 2 0 ≪ ω (and assuming that k 2 ≃ k 2 z ) we can easy take integral over k ⊥ then over k z and obtain the formula (14) .
Note that formula (42) can be used for calculation S X with arbitrary value ω:
B FDT approach calculations of thermo-elastic noise in interferometric coating
Here we derive formula (14) using fluctuationdissipation theorem (FDT) [28, 29] by the following thought experiment: We imagine applying a sinusoidally oscillating pressure,
to one face half-infinite mass covered by layer. Here F o is a constant force amplitude, ω is the angular frequency at which one wants to know the spectral density of thermal noise, and the pressure distribution (45) has precisely the same spatial profile as that of the generalized coordinateX, whose thermal noise SX(ω) one wishes to compute.
The oscillating pressure P feeds energy into the test mass, where it gets dissipated by thermoelastic heat flow. Computing the rate of this energy dissipation, W diss , averaged over the period 2π/ω of the pressure oscillations we can just write down (in according with fluctuation-dissipation theorem) the spectral density of the noise SX(ω) is given by
The rate W diss of thermoelastic dissipation is given by the following standard expression (first term of Eq. (35.1) in [23] ):
Here the integral is over the entire test-mass interior using cylindric coordinates; T is the unperturbed temperature of the test-mass material and u is the temperature perturbation produced by the oscillating pressure, κ is the material's coefficient of thermal conductivity, and . . . denotes an average over the pressure's oscillation period 2π/ω (in practice it gives just a simple factor (ℜ e iωt ) 2 = 1/2). The computation of the oscillating temperature perturbation is made fairly simple by two well-justified approximations [1] :
First: Quasistatic approximation. We can approximate the oscillations of stress and strain in the test mass, induced by the oscillating pressure P, as quasistatic.
Second: We assume that the following strong unequality is valid
here r T is length of diffusive heat transfer and ρ is the density and C is the specific heat . This means that, when computing the oscillating temperature distribution, we can approximate the oscillations of temperature as adiabatic in transversal direction (tangent to surface) but non-addiabatic in normal to surface direction.
The quasistatic approximation permits us, at any moment of time t, to compute the test mass's internal displacement field v, and most importantly its expansion
from the equations of static stress balance (Eq. (7.4) in [23] )
(where ν is the Poisson ratio), with the boundary condition that the normal pressure on the test-mass face be P(r, t) [Eq. (45)] and that all other non-tangential stresses vanish at the test-mass surface.
Ones Θ has been computed, we can evaluate the temperature perturbation u from the thermoconductivity equation
Here E is Young's modulus. It worth to underline that we can not use addiabatic approach in (50) due to small thickness of layer. This temperature perturbation u can then be plugged into Eq. (47) to obtain the dissipation W diss as an integral over the gradient of the expansion. This W diss can be inserted into Eq. (46) to obtain the spectral density of thermoelastic noise.
B.1 Elastic problem
Elastic infinite half space. We can assume that layer does not influece on deformations in substrate due to its small thickness. Then we can use the solution to the quasistatic stress-balance equation (49) given by a Green's-function expression (see (8.18) in [23] ) with F x = F y = 0, F z = P(r), integrated over the surface of the test mass: Below we will need the expression for
Using results of [1] one can calculate longitudial and transversal parts of Θ (b) separately:
Layer. For solution of thermal problem we will need to calculate expansion Θ (l) in layer. We assume that deformations of layer in transversal plane are the same as in substrate (the same natural assumption was done in [10] ), i.e.
zz :
.
Using this equation one can find u (l)
zz and full expansion Θ l in layer:
B.2 Thermal problem
The expansion in layer and in substrate are the source of heat with power per unit volume (see for example sec. 31 in [23] ) which are equal to W l inside layer and to W b in substrate
It seems that we can divide our problem into two problems: First: The "bulk" problem. In half space there is power source W b . It corresponds to the problem solved in [1] .
Second: The "surface" problem. There is power source only inside layer. Below we consider only second problem.
We have thermal conductivity equation in layer with constant right part. Using conditions (6) one can simplify thermal conductivity equations to one dimension form as following
We have condition of thermal isolation at z = 0 and condition of continuity of temperature and heat flux at z = d. So we can find the solution of system (57, 58) as following
Due to conditions (6) and hence |γ g d| ≪ 1 we can simplify espressions for temperature:
We are interesting only in temperature distribution in infinite space because volume of layer produces small contribution into total budget of dissipated energy:
Using this result and (46) one can write down spectral density
B.3 Generalization for multilayer coating
We can generalize this result for multilayer coating consisting of N alternating sequences of quarterwavelength dielectric layers. Every odd layer has the refraction index n 1 , thickness d 1 = λ/4n 1 (λ is the incident light wavelength), its parameters we mark by subscript 1 . Every even layer has parameters n 2 , d 2 = λ/4n 2 , its parameters we mark by subscript 2 . It can be easy shown that the equivalent thermal expansion coefficient α eff of total coating and the total thickness d of coating are the following:
And the spectral density S X (ω) is defined by substitution (71) into formula (69). We have checked it by solution of thermal problem and calculation W diss for one pair of layers, for two and three pairs of layers.
C Finite sized mirror
Our calculations for finite sized mirror are based on results of Liu and Thorne [12] . The order of calculation steps is the following. 
It is useful to present pressure P as series and rewrite Θ f as following;
Calculations of right part in thermal conductivity equation. Using (58) we obtain the expresion for w:
C f w = α s TF 0 e iωt × (87)
Calculations of dissipated energy W diss . Using (47) we obtain: 
Here we used the (nonstandard) orthogonality relations: Now one can calculate numerically the coefficient
using (89) and (68).
We numerically estimate C ftm for R = 19.4 cm, H = 11.5 cm, r 0 = 6 cm and for Ta [31] 
